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Abstract

A novel procedure is described for acceleratingcthrevergence of Markov chain
Monte Carlo computations. The algorithm uses aptagabootstrap technique to
generate candidate steps in the Markov Chain.dffisient for symmetric, convex
probability distributions, similar to multivariat@aussians, and it can be used for
Bayesian estimation or for obtaining maximum likelbd solutions with confidence
limits. As a test case, the Law of Categoricalgiuent (Corrected) was fitted with
the algorithm to data sets from simulated ratirajesexperiments. The correct
parameters were recovered from practical-sized stasimulated for Full Signal
Detection Theory and its special cases of stan8ayaal Detection Theory and
Complementary Signal Detection Theory.

Keywords: Markov chain Monte Carlo, rating scalaw of Categorical Judgment

(Corrected).
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The Markov-Chain Monte-Carlo (MCMC) technique onigied in statistical
physics (Metropolis, Rosenbluth, Rosenbluth, TeBleleller, 1953). It has since
spread into other fields, including psychologyde.Béguin & Glas, 2001; Griffiths,
Steyvers, & Tenenbaum, 2007; Morey, Rouder, & 8pam, 2008; Sanborn,
Griffiths, & Shiffrin, 2010). Typically, MCMC is usd to compute samples from the
stationary probability distributiom of a Markov chain. In the MCMC algorithm, only
ratios ofz (or of likelihoods) need be calculated, so norpaion ofz becomes
unnecessaryhis simplification is a major advantage, sincemalizationrequires a
multidimensional integral overthat is often computationally impractical.

The original MCMC algorithms (e.g., Metropolis &t 4953; Hastings, 1970)
were simple. From position,zompute a test positiog= z +v, wherev is drawn
from a distributionV that generates the steps of a random walk. Thegpag with
probability minf(x)/ = (z); 1], either setting..1 = X; or else rejecting; and setting
4v1 = 4.

The generatoY is relatively unimportant asymptotically, becaas®ost any
reasonabl&/ will make the MCMC chain converge on the samerithistion z.
Practically, howevel is critical, especially for high-dimensional prebis. Bad

choices ol can dramatically increase the time needed to samipbfz.! To

! For instance, assumseis anN-dimensional spherical multivariate normal disttiba, with unit
variances (i.e. the covariance matrix is the idgmtiatrix|). For a step-generator mathithat isol,

the probability of accepting a step asymptoticatigles ag™, for p>>1, as one would expect from

the scaling of &-dimensional sphere. So, for example, in a 30edisional problem, if one starts

with V too large by just a factor of two, the step acaepé probability will be near 18, A Monte-

Carlo sampling algorithm will, in consequence, skova crawl. Choosing too small is less dramatic
but also leads to poor performance. Asymptoticdtlyp<<1, the step acceptance rate is high, but it
takes on the order gf? steps to move from one sidemfo the other. The samples that are generated
become strongly correlated and, again, the algoriglows.



Bootstrap MarkovadinMonte Carlo 4

address this problem, procedures have been detisedompute/ based on the
history of the chain (e.g., Gelfand & Sahu, 1994k<; Roberts, & Sahu, 1998;
Atchadé & Rosenthal, 2005).

We now describe a novel algorithm, termed bootdttagkov chain Monte
Carlo (BMCMC) that also uses the chain's historgdostructv. In the latter half of
this paper. It will start and operate efficienglyen with choices of that are
substantially different from the optimal value® (iwith eigenvalues that by several
orders of magnitude). This is valuable from a pecat point of view, especially with
new and/or nonlinear problems, becauss often not knowable in advance.

BMCMC is applied to obtain maximum likelihood soduts to a general
equation for rating data, the Law of Categoricalghuoent (Corrected) (Rosner &
Kochanski, 2009). Our procedures go well beyoncetiréier treatment of rating data
by Schonemann and Tucker (1967).

Bootstrap Markov Chain Monte Carlo

Bootstrap Markov chain Monte Carlo rests on stashdidarkov chain Monte
Carlo procedures (Anonymouk998; Geyer,1992; Gilks, Richardson, &
Spiegelhalter, 1995). Like any MCMC algorithm,akes iterative steps, constantly
updating a vector of parametes The algorithm, however, adapts itself to the
probability distribution. It adjusts its steps thaeve efficient sampling of probability
densities that are approximately multivariate-Geusut it proceeds in such a way

that violations of the Markov assumptions beconyemgsotically negligible. It can
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produce chains of samples that converge rapidiyftm approximately symmetric
and convex densities.

The algorithm is robust. It can handle functiorst #re not computable (in
the practical sense) at certain points; and it d@@sssume thatis smooth or
continuous, so long as it is bounded above. FinBIMCMC can be used on
functions that stochastically approximatevhere the computable approximationtto
is a random variable, and successive computatibnswith the same parameters may
give different value$.Experience has shown that this makes it workaiiefany
types of computation where common procedures aseitable. One example is
computation ofr by sampling techniques such as a Monte-Carlo iategAnother
example is wherg is a noisy measurement of some physical property.

The BMCMC procedure can be run in either of twasely related modes:
optimisation or sampling. In optimisation modesetirches for parameter values that
best explain the data under analysis, by maximilogdikelihood logL), perhaps
modified by a Bayesian pririn sampling mode, BMCMC repeatedly samples from
7, which is proportional to the lolgf or to a Bayesian posterior densithis allows
calculation of all necessary statistics, includogfidence limits for the optimal
parameters and for the observations predicted thmse parameters.

The following description of BMCMC is somewhat silifipd. The source

code should be consulted for details; footnotes gaferences into the code. The

% This has yielded good behaviour in certain tesesabut no proofs are available. To do this, use
mcmc.position_nonrepeatable instead of the defauthcmc.position_repeatable
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algorithm is embodied in two main python modulesmc.pyandmcmc_helper.py
They are in release gmisclib-0.65.5 which, alonthwil other code described here,

can be downloaded frohttp://sourceforge.net/projects/speechresearamder

http://phon.ox.ac.uk

Braun, Kochanski, Grabe, and Rosner (2006) andyA®ephanidou,
Coleman, Mclintyre, Golding, and Kochanski (2008)dusarlier versions of this code
(albeit with minimal description). In other workgevihave successfully tested
BMCMC on moderately high-dimensional problems. W dnave shown
convergence to expected solutions and reasonablebars for 200-dimensional
problems.

Application of BMCMC requires a user-supplied safter module that
produces the log of a value proportionaktdn optimisation mode, for example,

z( p)would be the probability with which a model withrametersp would generate
the observed data. The problem-specific modulestakeector of tentative
parametersp from the BMCMC process. The module first may mgdifto account
for symmetries or constraints on the distribufiafhen it computes the log likelihood
log(L) for the resulting parametetsinally returning logl) to the BMCMC

algorithm.

Optimisation Mode

% We focus here to the widely used Iojg(but this mode can also be used for Bayesian nfiitied.
In practical terms, the Bayesian posterior proligts just the likelihood, multiplied by the prior
probability, then normalized to have a unit intégra

* In the code, this can be done by implementirmnc.problem_definition.fixer

® By means ofncmc.problem_definition.logP
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The central operation of the BMCMC algorithm incesits the current
parameter vectop by a quasi-random step vecthr The difference
D=log(L( p+d))-log(L( p)) is computed. If lod() improves D>0), the new
location is accepted. If lob( p +d)) cannot be computed, the step is rejected,
leaving the procedure at its prior locationDIfs negative, the new location is
accepted with the Metropolis probabiléy (or e®" when using the algorithm for
simulated annealing at temperati@ijfe Then the process iterates from its current
location. As the algorithm progresses, loggenerally increases, and an optimal

solution for the parameters finally emerges.

Step determinatiarBootstrap Markov chain Monte Carlo uses two sa®em

for generatingd . After an initial start-up period, an adaptive tst@p resampling
procedure is used to generate 90 per cent of éps%Otherwise, the step comes
from a pre-specified multivariate Gaussian densifyh adaptive, diagonal scaling).
The bootstrap procedure randomly chooses two \&@tom an archive of
previously accepted parameter vectors. The difterdretween them becomes the

current step. In principle, bootstrapping violates Markov assumption that each

6 4See theBootStepper class irmcmc.py The 90% fraction was chosen somewhat arbitrasiya

compromise between accelerating the algorithm odgmnditions and robustness under difficult
conditions. This causes a 10% performance loserugubd conditions in exchange for a guarantee
that the performance will not be more than 10 timesse than an adaptive (but non-bootstrap)
algorithm if the distribution were very differembfn multivariate normal.

" See theStepV method in theBootStepper  class inrmcmc.py
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step is independent of its predecessors, becaasegcthive contains the history of the
algorithm’s computations. However, as the archerggthens, the density of samples
from it asymptotically approachesand becomes stationary. Therefore, when the
archive holds a sufficiently large number of saraplédely distributed across the
Markov assumption will be satisfied to any requiseduracy. We later show that the
archive size becomes asymptotically infinite, mgkime system approach a Markov
chain.

The bootstrapping scheme works well when the dgp$iibg(L) is close to a
multivariate Gaussian, even a highly elongated ®hés is because a large enough

archive makes the step probability density apprdlaeltonvolution
P(d) = j (p) O p+ d) dr. If 77(p) is a multivariate Gaussian, thé{d) will also
be. It will have the same shape and orientation(@® but twice the variance. As a
result, the long axes of the distribution will bkezarately aligned with those of

The BMCMC algorithm tracks the proportidof bootstrap steps accepted

over a period;. This proportion controls a factéithat muItipIies&. Whenf,
significantly’ exceeds1/4} is increased, thus decreasing the acceptance/Vatn

the proportion falls significantly below 1/4js decreased with the opposite effect.
If 7(p) is multivariate Gaussian,converges to its final value within a few hundred
steps. lIts final value depends on the numberragdsions and on the details of

71(p) but is typically slightly smaller than unity.
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This procedure for controllingcan sometimes behave badlyifp) drops

rapidly, especially discontinuously, to zero, éxgan optimization problem where

pis subject to hard-wall constraints. If three mremhard walls meet, they can form

a corner where locally even small steps are less 25 per cent likely to be accepted.
This lowers the average step acceptance rateharadorithm responds by reducing
2, which in turn slows computation. If hard-wall sbraints are desired, see the
Appendix.

In principle, adjusting; also violates the Markov assumption, because the
scaling depends on recent history. The petiodowever, increases during
optimisation. Eventuallyt, becomes longer than the time required for BMCMC to
explore all ofz. The dependence #fon history then becomes unimportant, and the
algorithm asymptotically produces a Markov chailde insure that this happens by
making the required significance level for decidwlgen to changé an increasingly
stringent function of the number of iterations silke most recent reseResets are
described below.

The pre-specified step generator draws from a waultite Gaussian density
V* for the first few steps. Then a scaled versiol®of used to generate 10 per cent
of the later steps. The scale factor similarlyatets on the fraction of recently

accepted steps and is proportional to the squateofdhe parameter-by-parameter

8 Seemcmc.adjuster._inctry_guts andmcmc.BootStepper.step_boot for details.
The required significance level starts low andredgally raised, so that symptotically, the probgbi
of falsely adjusting goes to zero, and the interval between adjustnmusmes infinite.

° See inctry_guts in the adjuster class mcmc.py
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standard deviation of the architeAgain, ag; and the archive lengthen, this step
generator also asymptotically behaves as a Markainc

The two methods of step selection compensate fdr ether's deficiencies.
Alone, the pre-specified step distribution can easlsw convergence and slow

exploration of77(p) if the shape or orientation ¥ does not match that af
Nevertheless, this method will eventually expldief 77(p) .

The bootstrap method needs the pre-specified lolisibn procedure to
initialise the archive. Furthermore, bootstrapggtimited to linear combinations of
archive points. Hence, if all archived vectors fela low dimensional subspac of

71(P) , bootstrapping would remain there. Mixing the tmvethods of step selection

avoids that trap, because picking from the predifipddaistribution will soon
engineer an escape from.

Operation Optimisation mode is broadly similar toraulated annealing
(Press, Teukolsky, Vettering, & Flannery, 2002, $48-458), including a system
temperaturé! Early on, large decreasesqrare allowed, corresponding to a high
system temperature. The default annealing schelddeeases the temperature
whenever a step is accepted, eventually approaehipgcified target temperatufe.
(The annealing schedule can be redesigned by atgapgrameters or re-

implementing the mecmc_helper.step_acceptor objéidtg algorithm stores the

9 The algorithm is reasonably robust to a mismagtiwben V and. In practice, it frequently
tolerates a two orders of magnitude mismatch indsted deviation, especially in optimization mode.
Starting in sampling mode can be slow if the ihisi@p acceptance probability is low.

" The high level interface to optimization moderismc_helper.stepper.run_to_bottom
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maximum value of lod() encountered so far. If a new value appears tteeasls the
old one by half the temperature, the algorithmagiplly reset: the temperature is
raised slightly, all counters are reggts decreased, and the archive is shortened by
eliminating thosep that give the smallest log),** Additionally, over the nexti,
accepted steps, each step begins at the paranietegive the maximal log] rather
than the most recent parameter ve&fo(Here,Np is the number of unconstrained
parameters.) This can substantially improve the aatvhich the algorithm first
approaches a minimum. The search then continues.

Resets serve several purposes. Raising the temapecan help the algorithm
to escape a local maximum. Shortening the archdae; dacilitates adaptation of the
search to the shape of lag(

For anyz with an upper bound, the tolerance of0fér log(L) guarantees
that there will be only a finite number of res&snsequently, there will be a final
reset, after which both the archive size and theking period, will approach
infinity. This is necessary for BMCMC to become mgyotically Markovian.

Optimisation termination The BMCMC optimisation mode terminatés

when two conditions are m&tFirst, successive accepted valuespafiust show no

2 The annealing schedule can be redesigned by afmpgrameters or re-implementing the
step_acceptor  object inmcmc_helper.py

13 Seemcmc.BootStepper.reset

14 See code that usexmc.Archive.sorted

!5 Note that these termination criteria are stribiyristics: nothing is provable except that
optimization mode will eventually terminate.

16 Optimization mode is theun_to_bottom  method in the stepper classiiemc_helper.pySee the
_not_at_bottom method of the stepper classnicmc_helper.py
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systematic drift. Second, enough steps must hamer@x to match an estimate of
the number needed to explore allzof

Drift is evaluated by sampling archivei everyN, accepted stepdlf is set

at 24 in the examples below). Difference vectoescamputed between adjacent
samples, and the angles between pairs of succeifiemence vectors are found. If

p systematically drifts, the difference vectors waidint in a common direction.
Otherwise, reversals in direction will occur, ahd aingles will frequently exceat?
radians. The algorithm counts the number of seeknsals since the last re§eThe
termination condition of no systematic drift is méten the count reaches a suitable
threshold.

The second termination condition requires an eséraathe number of steps
needed to explore all af The algorithm uses a bent multivariate Gaussiadahto
make this estimate. The density of lbgis represented as approximately multivariate
Gaussian, but the longest axis of the probabilltgs®id is assumed to be slightly
curved. This curvature limits the length of stefmg the bent direction. Since steps
are straight, long steps would fall off the likeldd ridge, yielding small values of
log(L) that typically would be rejected. These small stees form a random walk
along the longest axis.

The curvature in the model is related to the fattibvat scales the bootstrap

step size. It should take on the orderlof accepted steps for a random walk to

7 Direction changes are accumulated indb&ehanged andxchanged variables in
stepper.run_to_bottom in mcmc_helper.py
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explore the length of the densif}> Accordingly, the second termination condition is

that the number of steps accepted since the Isst exceeds a constant tindes.'
(N.B.: if there ar&>2 comparably large eigenvalues of the covariandexnéghis
termination condition may fire early.)
Sampling Mode

After optimisation finishes, the BMCMC procedurendze run in sampling
mode, producing various confidence intenvd$he algorithm randomly samples a

probability density7z( p) , proportional tolog L (p), in the vicinity of the solution.

The system temperature is held at unity, and stepaccepted in accordance with

the Metropolis algorithm* Each sample o is archived.

Sampling mode sometimes finds a new maximum obLlpdf so, the
previously described reset procedures apply, exbepnow the oldest archived
samples are dropped and the temperature remagddixunity. In sampling mode,
the archive becomes very long after the final rdédtneeds shortening, e.g., to limit
computer memory consumption, the oldest samplesdimidropped. Given
sufficient time and memory, sampling from the avehbecomes a good

approximation of sampling frone(p) .

18 Computed irBootstepper.ergodic in mcmc.py

9 This information is accumulated in ttes”  variable instepper.run_to_bottom in
mcmc_helper.pyN.B.: if there arée>2 comparably large eigenvalues of the covarianceixnéhis
termination condition may fire early; it assumesttthere is a single long axisito

%2 The high-level interface to sampling moderismc_helper.stepper.run_to_ergodic .

2L We emphasize that in sampling mode, as long agrtiteability density is bounded above, the
BMCMC algorithm will always, asymptotically apprdaa Metropolis algorithm, and all the
properties of that will then apply. So, BMCMC wilbt misbehave in the sense of giving wrong
answers, though (as with all MCMC algorithms) itificult to know when one has collected enough
samples.
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Sampling terminationThe BMCMC algorithm stops when the desired

number of sample®\e, from7z(p) have been stored and enough steps have been
accepted to explore the longest axis of the demgiproximatelyN, times?

lterations continue as long 3 1/A” <1.4N_ N, , where/; is the step scaling factér

at theith iteration andN, is the number of free parameters. This provisaglrom
the same bent random walk model that imposes artation condition on
optimisation mode. Within the limits of that mod#ile inequality insures getting

leastNe independent samples from( p) . The summation starts anew whenever the

algorithm resets itself, so iterations cannot teate while logl() continues to
improve.

Confidence intervalsThe archive resulting from repeated samplingdgel
confidence limits for the parameters and for thredmted dataAll the usual

statistics, such as the means and variance of péeasnare integrals ove(p) . Any
such integral can be approximated by a sum oveplesnfrom 7z7( p) . Confidence

intervals can be computed from estimates of meadvariances or determined
directly from cumulants of the samples.
Optimal Solutions for the Law of Categorical Judgin@orrected)
We now illustrate the use of BMCMC for multidimeosal nonlinear
optimisations, including computation of error baree Law of Categorical Judgment
(Torgerson, 1958; McNicol, 1972) is a general mddehny rating experiment. On

each triak, one stimulus Sis randomly selected for presentation from a dd

22 See thenc”  variable instepper.run_to_ergodic in mcmc.py
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stimuli. The subject responds with one\df1 possible ordered responsgs R
According to the law, each stimulus projects arepghdent random Gaussian

density o(X;ug ,04 ) Of possible impressions on a one-dimensional pdggical

continuumv. On trialt, the observer draws one sample with vawnv from the
signal density for S Only the experimenter knows which &tually produced. On
each trial, the observer also plasériteria at different loci om. The criteria divide
v into M+1 successive intervals that define the possildparses.

The Law of Categorical Judgment proposes that eatgrion also is an

independent random Gaussian varialgles;i. ,0), onv. On trialt, therefore,

criterion positiongy, i = 1, ...,M, are drawn from the criterion densities, whiere
indexes the order of the density means. The indgicegrivate to the observer. The
observer calculates thé differencess-ci;. If s-ci is the smallest positive difference,
response Rs selected. The responsg.Rensues when all differences are negative.
The Law of Categorical Judgment (Corrected)

The long-accepted general equation for the Lawaté@gorical Judgment
(Torgerson, 1958; McNicol, 1972) is fatally flawgelosner & Kochanski, 2009). It
ignores the fact that criterion densities are irgtelent Gaussians. When the densities
overlap sufficiently, criterion samples can get olubrder, and the original formula
can yield negative probabilities. Rosner and Koskaderived a new equation, the

Law of Categorical Judgment (Corrected), that fitkessflaw:
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PR=il)=[_ 0(Ginc.00)[_ o(sus os)[JL-[ o(Gingoddgl dsde ()

Equation 1 assumes that criteria are independemsem variables.
Nevertheless, it still may apply when response dégpecies undercut the
assumption. Criterion-setting theory (Treisman &IMns, 1984) explains how such
dependencies arise in detection and discriminalimisman (1985) extended the
theory to absolute judgments, a form of rating. Bations showed that the resulting
criterion densities were indistinguishable from &sans. In effect, response
dependencies would drive the product term in Equatitowards unity. The product
term, however, would not necessarily reach unitiewwTreisman and Faulkner
(1985) analysed rating data with criterion-settingory, they found evidence that
criteria interchanged positions. Equation 1 themetould apply to rating data when
response dependencies occurred.

Two special case3he familiar signal detection theory (SDT) mod= f
rating experiments makes criterion positicpgvariant across trials (see Macmillan
& Creelman, 2003, ch. 3). Each criterion densigréivy becomes a Dirac delta
functiond(x-c) (Bracewell, 1999, chap. 5), and the outer intiegind product in

Equation 1 simplify away. The result (Rosner anaanski, 2009) is

P(R=iIS)= | o(suso9)ds 2)

This is equivalent to the standard form for the SBfihg model:
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Z(R<i|S )=fic-pg)log. 3)

To emphasize its relationship to the SDT model éEigns 2 and 3), Equation 1 is
referred to as Full Signal Detection Theory (FSDT).

In the limit opposite to SDT, all criterion denstiare Gaussian but all signal
densities Dirac delta function$x-s). The equation for this complementary signal

detection (CSDT) model (Rosner & Kochanski, 2089) i
. o M c
P(R=IS)=[ o(Gine 00)[JL-[ o(cingoq)dglde  (4)
IE:]

Computations for Maximum Likelihood Solutions

Problem-specific module for BMCMChe problem-specific module for the
Law of Categorical Judgment (Corrected) is lawcgpb, and the overall program
entry point is in bsr_analysis.py. Both are avddab release z2009bsr_analysis-
0.3.0.tar.gz. Each parameter can be free or camstiéo some particular value.

The module uses Romberg integration (availabtberrelease gpklib-
20090626.tar.gz and similar to Press et al., 20p2144-146) to compute a value of
log(L), the logarithm of the likelihood that the paramgt®ould generate the actual
rating frequencies. This value is returned to th@B/C python modules. The
problem-specific module also contains functionsim@ut and calculates and writes

all the required output. The latter includes timalfiparameters and the theoretical



Bootstrap Markova@ihMonte Carlo 18

probabilitiesP(R=i| §,), their respective confidence limits, and valuesteasures

of goodness of fit described below.

Markov chain Monte Carlo is normally cast in Bayesierms. Therefore, one
must (formally) consider prior distributions. Fbig particular application, however,
any reasonable prior will be much broader tharBiagesian posterior distribution,

71(P) . Hence, the difference between the Bayesian antikitlihood approaches
becomes moot. One can readily interfuep ) as proportional to the (Bayesian)

conditional probability of observing specified ragifrequencies, given

parameter® . Samples fronvz(p) will then reflect the distribution of parametenat

are statistically consistent with the ratings.

Parameter constraints and adjustmerefore calculating lod(), the
problem-specific module imposes four constraing Harmlessly remove
degeneracies in the solutions. First, the meahesignal density for;Ss fixed at
zero; all other signal means are made positiveaaadorted into ascending order.
Second, ascending order is imposed on criteriomm@hough they may be
negative). Third, any negative signal or criterstandard deviation is made positive.
Fourth, the average of all unconstrained signalaitdrion standard deviations is
divided into each unconstrained mean or standardiien. The average standard
deviation is thereby held at unity, keeping stadd#eviations in a convenient range.
This rescaling is analogous to the conventionatgdare of constraining a signal
density standard deviation to unity. The constsadd not affect any results; they

merely collapse together observationally equivasatitions; and they make
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interpretation of the results easier. (These foarmplemented via
mcmc.problem_definition.fixer in mcmc.py; see thegp&ndix.)

A final adjustment effectively adds a Bayesian ptmlog(L) to keep each
standard deviatioo away from zero. Gaussian densities take the foqg-e./0?). If
o becomes small, say around 0.001, the integranBguation 1 change rapidly. In
turn, the Romberg routine forces the integrati@psto be smaller than A severe
slowing of computation ensues. The program may é&meninate prematurely @
becomes so small that round-off errors prevent gace from achieving the desired

accuracy. To avoid these difficulties, we aE(:jO.llau to log(L), whereg,is any

u

unconstrained standard deviation. Whewalexceed 0.1, as generally happens here,

this term hardly affects the solution.

Constraints and adjustments in optimisation modstie employed
carefully, however strong may be their pragmatiorele. They can cause incorrect
results if they have noticeable effects at or meraximum likelihood solution.
Badly formulated constraints also can artificidifyit the size of the confidence
intervals obtained in sampling mod¥onetheless, adding smooth constraints is often
much more efficient computationally than a hardhwahstraint (e.g. setting

log(L( p))=- outside the allowed region for ldg(p))).

Goodness of fitn line with Schunn and Wallach (2005), we use fdifferent
ways of comparing the input rating frequencies egjahe frequencies predicted

from the recovered maximum likelihood parametéis.begin with, we divide each
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input frequency byitr/S, expresses it as a proporti@{R= i| §,) of responsesto

stimulush. Then, the theoretical conditional probabilitieéR=i| §) are computed

via Equations 1, 3, or 4 from the optimal paranet&éhe four procedures for
evaluating goodness of fit require calculationafrpot-mean-square deviation

(RMSD betweenp(R=i| §)and P(R=1i| ), (b) Pearson’s® for the regression of
p(R=1i] §)on P(R=1i]S), (c) the regression coefficiertts andb; and their 95 per

cent confidence limits and (d) Kullback-Leibler drgence, the relative entropy of

two probability densitiep andqg (Kullback & Leibler, 1951; Weisstein, n.d.),

specified here aiZP(RzilSn)log2 PR=i|S)ph (Ri |S.

Tests of The BMCMC Procedure

We used BMCMC to fit the FSDT, SDT, and CSDT modglguations 1, 3,
and 4, respectively) to pseudo data matrices gegtefieom known parameter values.
The parameters are the means and standard desiafitime densities in a FSDT,
SDT, or CSDT model. One parameter set was chosiEpé@ndently for each type of
model. Signal and/or criterion standard deviati@ssappropriate) were varied
irregularly, as were distances between signal aitefion means.

Pseudo data matrices were generated by trial-blygimulation of a rating
experiment with six stimuli and 10 responses @.etriteria). On each trial, a sample
was drawn randomly from a signal density along witle sample from each of the 9
criterion densities. Using the decision rule, pogse was selected. From each

parameter set, we produced three pseudo data egtwith 200, 500, and 1000 trials



Bootstrap Markova@iMonte Carlo 21

per stimulus Tr/S,), respectively.

Using the appropriate model equation, maximum iliceld parameters were
computed for each pseudo data matrix through th€BI& algorithm. Ninety-five
per cent confidence limits for the recovered patanseand the theoretical

probabilitiesP(R=i| §,) were based on more than 4000 sets of parametstaged

by BMCMC in sampling mode. Three separate fits weagle to each pseudo data

matrix, starting from different initial guessedla parameters. The fit with the

highest log likelihood (excluding the soft consﬂutaEO.l/au ) was accepted.

Altogether, we undertook 27 fits (3 mode&l8 matrices< 3 starting points).

We assessed the consistency among the three fitgit@a matrix. The
absolute difference | logay) — l0gLmin) | Was found between the highest and the
lowest of the three log] values. We divided this difference by the degies
freedom in the pseudo data matrix. The resultiferdf the FSDT, SDT, and CSDT
models was always less than 0.05, indicating gaogistency between the three fits
to each pseudo data matrix. All optimisations @ivan matrix apparently gave good
approximations to the true maximum likelihood st

To compare the generating parameters against thoseered by an
optimisation, any difference in scaling units hadé eliminated. We obtained a
least-squares solution fbrin the equatiork = bG, whereR andG are the recovered
and generating parameters, respectively. Therettevered parametesand their
confidence limits were plotted against the rescgkatkerating paramete@=bG. For

a successful recovery, the points should fall onear the major diagonal, and 95 per
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cent of the confidence limits should intersect thre.

Recovery resultgigure 1 shows the best set of recovered parasneteted
against the rescaled generating values for the FgiD€rated pseudo data matrices.
The upper, middle, and lower panels are plotsHemhatrices with 200r/S;
(FSDT200), 500 Tr/S(FSDT500), and 1000 Try§FSDT1000), respectively. Ninety-

five per cent confidence limits appear around eacbvered parameter value.

Figure 1 about here

The left side of each panel displays four iteme:réscaling equation for the
generating parameters; lagj, the log likelihood produced by evaluating thetcha
of the pseudo data to the generating parametg@:dp the log likelihood for the
recovered parameters; and the number of samalea which the confidence limits
are based. The legend in Figure 1A applies to paokel.

The BMCMC algorithm always found a solution whésg(Lg) exceeded the
original logLg). However surprising this may be at first, it sliblbe expected. The
pseudo data proportions generated by simulatidardéindomly from the underlying
probabilities yielded by the generating parameté&snsequently, parameters will
typically occur that fit better than the generatpagameters, and a successful

optimisation should find them. Nonetheless, 95qa#t of the rescaled generating
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parameters should fall within the confidence linfidsthe recovered parameters.
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The points in each panel of Figure 1 follow the onaiagonal well.
Naturally, confidence intervals shrink as TFriScreases. All confidence limits in the
figure intersect the major diagonal. In short, fiteand error bars are perfectly
satisfactory.

Figures 2 and 3 show the results for the SDT anOTf8s, respectively.
They are organized like Figure 1. RecoveredlUgpgas again higher than
generating lod(g). In each of Figures 2C, 3B, and 3C, confideneets fail once to
intersect the major diagonal. This is predictablper cent of the total 63 parameters
should yield misses over the long run. The fittheonSDT and CSDT pseudo data

matrices also are excellent.

Figures 2 and 3 about here

Goodness of fifTable 1 presents information on goodness of fitlierresults
in Figures 1 through 3. The first three rows refethe fits of the FSDT model to the
FSDT-generated pseudo data matrices. For thesecdkitsmean square deviation
(RMSD was 0.014 at most. The linear regressiop(BH |S,) onP(R=1|S,) yielded
anr?of at least .95. The 95 per cent confidence lifiitshe regression coefficients
b; andby included the ideal values of unity and zero, reipely. Finally, the

Kullback-Leibler divergence always fell well beldal.
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All indicators of goodness of fit tended to impra&lr/S, increased. The
high r? for the 200T/S, matrix actually left little room for such increaseThe
Kullback-Leibler values declined 3s/S;, increased, because the divergence acts as
an error measure on differences between pseud@datartions and theoretical
probabilities. These differences include statisfiicetuations that are larger for
smaller experiments. In short, all calculatiordi¢ate good fits of the recovered
theoretical probabilities to the pseudo data prios.

The results in Table 1 for the CSDT and SDT intraded fits repeat those for
the FSDT fits. Th&MSDvalues varied between .005 and .012. Agdiexceeded
.95. The confidence limits fdi; andbgy always included unity and zero, respectively.
Finally, Kullback-Leibler divergence values wereadhand decreased from about

0.06 forTr/S,=200 to about 0.01 forr/S,=1000.

Table 1 about here

Cross-Model Fits

The widespread use of signal detection theory rat#&ran obvious question.
For practical-size experiments, could SDT stillditta generated by the more
complex FSDT model? To obtain an initial answer fitted the SDT model

(Equation 3) to the pseudo data generated by thE Fsodel (Equation 1) and
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compared the results to those from the previousTH8&Da-model fits. We extended
this cross-model procedure by fitting the CSDT nmadehe FSDT-generated pseudo
data and fitting the SDT model to the CSDT-generaeeudo data. Again, three
different starting points were used for each fitisSlgave nine SDT-to-FSDT fits (3
matricesx 3 starting points), nine CSDT-to-FSDT fits, andenSDT-to-CSDT fits.
As before, the fits from the three different stagtpoints proved consistent. For each
cross-model fit, however, lolg§) was always somewhat lower than for the
corresponding intra-model fit.

Goodness of fifTable 2 contains the indicators of goodness agssmodel
fits. Here,RMSDalways exceeded 0.02, twice the typical valuesnioa-model fits.
Furthermorer® was .949 at best, even falling to .878. The cafa# limits for the
regression coefficients andb; always exceeded those from the FSDT and CSDT
intra-model fits. Those limits, however, still inded the theoretically desirable
values of zero and unity fdw andb, respectively. Most noticeably, Kullback-Leibler
divergence always exceeded 0.1, with a median2¥. OThis is above the typical
value for the intra-model fits withr/S,=200 and is about 20 times larger than the

values for intra-model fits witfr/S,=1000.

Table 2 about here
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The cross-model results indicate that a subject eddeys the FSDT rating
model may produce data beyond the reach of theicedsSDT model. Indeed, that
model cannot entirely explain the findings of oy on hearing. Pastore and
Macmillan (2002) undertook an SDT reanalysis oheggts of rating data originally
collected by Schouten and van Hessen (1998) fantansity and for a speech
continuum. Except for one data set for intensigstBre and Macmillan found that
the SDT model fitted only some ROC curves. Lucg®6Q3) low threshold model
seemed to account for the numerous exceptions.|&fhisehind a situation where
two different models had to be invoked to explangke data sets. The FSDT model
may provide an alternative to this unsatisfactaricome.

CONCLUSIONS

In situations requiring numerical optimisation, Beotstrap Markov Chain
Monte Carlo algorithm can efficiently provide maxim likelihood solutions and
confidence limits for the parameters. Tests ofalgerithm gave good fits of each
variant of the Law of Categorical Judgment (Cordto pseudo data matrices
generated by that same variant. Furthermore, measfigoodness of fit showed that
these intra-model fits were better than fits opippriate models to the pseudo data.
The way is now open to complete analyses of expariai rating data with the

Gaussian based Law of Categorical Judgment (Cedgct
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Appendix
Hard-Wall Constraints and Symmetries

Multiple hard-wall constraints can slow the BMCMI@aithm. However,
hard-wall constraints can often be eliminated laypsforming the problem into a
symmetrised version. For instance, consider a &teégcnormal density
z(y)={n(y; u, o) if y>0; else 0 }. With a hard wall =0, samples can be obtained
from a symmetrised variant of { () U n(|ql; p, o), and then mapping= [g|. (Note
that{ () is bimodal ifu >0.) This can be implemented by setting up theeffi
method in a class derived from problem_definitiortlgat it maps negativeinto
positivey at each step:

class problem_definition(object):
def fixer(self, y):

return numpy.absolute(y)
This kind of substitution can dramatically improsfgeed, especially if there are
multiple constraints. However, two conditions mibstmet. First, the mapping needs
to be (at least locally) a reflection around a pla®econd, this technique is known to
work only if the mapping=M(q) is such that(M(q)) = ¢ (q) for all g, andM is
piecewise isometric linear.
In practice, this works out conveniently if the straints are orthogonal or

parallel hyperplanes. For instance, if we havedaorep = (X, y), the constraints

0<x<1 andy>0 are easy to implement.
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Table 1

Goodness of Intra-Model Fits

Modef  Tr/S" Indicator
RMSD  r? btCL95"  b+CL95  K-B°
FSDT 200 .014 953 0.00£0.005 1.014+0.031 0.059
500 .009 960 0.000+0.003  1.001+0.020.028
1000  .005 965  0.000+0.002 1.004+0.012 0.009
SDT 200 012 960  0.001+0.004 0.991+0.022 0.062
500 .009 963  0.001x0.003 0.999+0.016 0.024
1000  .007 965  0.000+0.002 1.001+0.013 0.014
CSDT 200 .010 964  0.000+0.003 1.001+0.015 0.046
500 .006 966  0.000+0.002 1.005+0.010 0.014
1000  .005 966 0.000+0.001 1.001+0.007 0.010

See text for model type designatiofiEials per stimulus’Root mean square
difference between pseudo proportions and recoyanaahbilities of rating Sasi.

9Double-sided 95 per cent confidence limftéullback-Leibler divergence.
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Table 2

Goodness of Cross-Model Fits

Modet Tr/SP Indicator

Generating  Fitted RMSD r?  bgCL95 b1 +CL95 K-B®

FSDT SDT 200 .030 .904 -0.005%+0.010 1.045+0.072 0.230

500 .022 .932 -0.001+0.008  1.011+0.051  0.143

1000 .024 .925 -0.004+0.008 1.038+0.058  0.195

CSDT 200 .038 .868 -0.006+0.0% 1.064+0.093  0.405

500 .035 .875 -0.005+0.013 1.051+0.088 0.351

1000 .033 .890 -0.006+0.012 1.059+0.080 0.316

CSDT SDT 200 .029 .937 0.000+0.009 1.001+0.046  0.239

500 .023 .948 -0.001+0.007 1.006+0.037  0.207

1000 .022 .949 0.000+0.007 1.002+0.036  0.192

°See text for model type designatiofifrials per stimulusRoot mean square
difference between pseudo proportions and recovyaneahbilities of rating Sasi.

9Double-sided 95 per cent confidence limftéullback-Leibler divergence.
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Figure Captions
Figure 1 Recovered and generating parameters for 6 byatfiaies of rating pseudo
data generated by the FSDT model. Confidence liang#s95 per cent. A. Matrix from
trial-by-trial simulation, 200 trials per stimul{§r/S,). B. Simulated matrix, 500
Tr/S,. C. Simulated matrix, 1000/S;. See text for further explanation.
Figure 2. Same as Figure 1, but for the SDT model.

Figure 3. Same as Figure 1, but for the CSDT model.
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